After 15 years of active research on the interaction between moving people and civil engineering structures, there is still a lack of reliable models and adequate design guidelines pertinent to vibration serviceability of footbridges due to multiple pedestrians. There are three key issues that a new generation of models should urgently address: pedestrian "intelligent" interaction with the surrounding people and environment, effect of human bodies on dynamic properties of unoccupied structure and inter-subject and intra-subject variability of pedestrian walking loads. This paper presents a modelling framework of human-structure interaction in the vertical direction which addresses all three issues. The framework comprises two main models: (1) a microscopic model of multiple pedestrian traffic that simulates time varying position and velocity of each individual pedestrian on the footbridge deck, and (2) a coupled dynamic model of a footbridge and multiple walking pedestrians. The footbridge is modelled as a SDOF system having the dynamic properties of the unoccupied structure. Each walking pedestrian in a group or crowd is modelled as a SDOF system with an adjacent stochastic vertical force that moves along the footbridge following the trajectory and the gait pattern simulated by the microscopic model of pedestrian traffic. Performance of the suggested modelling framework is illustrated by a series of simulated vibration responses of a virtual footbridge due to light, medium and dense pedestrian traffic. Moreover, the Weibull distribution is shown to fit well the probability density function of the local peaks in the acceleration response. Considering the inherent randomness of the crowd, this makes it possible to determine the probability of exceeding any given acceleration value of the occupied bridge.
Original
Modelling framework for dynamic interaction between multiple pedestrians and vertical vibrations of footbridges provided their very first mathematical model. Based on measured body kinematics of a group of five people crossing 28 a footbridge, van Nimmen et al. [12] showed that the variation in timing between successive footfalls is the key force 29 parameter in charge of getting a correct shape of simulated vibration response. Moreover, they speculated that the 30 apparent differences between measured and simulated vibration amplitudes could be attributed to the HSI.
31
A2) The HSI has intensively been studied in the lateral direction [1, 13, 14] since the infamous lateral vibration 32 problem of the London Millennium Bridge in 2000 [15] . It is now widely accepted that pedestrians are complex 33 and sensitive dynamic systems whose lateral motion and the corresponding contact forces are likely to be influenced 34 by the lateral sway of the supporting structure. Moreover, they often synchronise their footfalls with the lateral 35 structural motion (so called "lateral lock-in" effect), and by doing so they pump energy within the coupled human-36 structure dynamic system while acting as negative dampers [15] . On the other hand, very little is known about HSI 37 in the vertical direction. Rare studies [12, [16] [17] [18] indicated that individuals mainly add damping to vertical structural 38 vibrations, but conclusive results are still not available. Bearing in mind the lack of viable research outcomes even 39 for a single pedestrian, it is not surprising that all relevant design guidelines still suggest models of vertical pedestrian 40 excitation based only on the GRFs as generated on rigid surfaces.
41
Two types of coupled pedestrian-structure models have been proposed so far to describe HSI in the vertical direc-42 tion. Transferred and adopted from biomechanics of human gait, the first model represents a pedestrian as a simple 43 inverted pendulum that oscillates in the vertical plane while moving along a bridge. It was first used by Macdonald
44
[19] to simulate HSI on laterally swaying bridges, then adapted by Bocian et al. [17] to describe the vertical vibration.
45
In the latter study, a mechanism was identified by which the timing of the successive footfalls can be altered subtly on a 46 step-by-step basis without necessarily involving the lock-in with the vertical motion of the supporting structure. Their 47 numerical simulations showed that an individual pedestrian can act as a positive or a negative damper to the vertical 48 dynamic response, depending on the ratio between the bridge vibration frequency and pedestrian pacing frequency.
49
However, a pedestrian crowd on average add damping and mass.
50
The other type of HSI model couples a single-degree-of-freedom (SDOF) model of a structure and a moving 51 SDOF representing a pedestrian walking at a constant speed and pace rate. In Alexander's model [20] , vibration of 52 the coupled system is driven by a vertical harmonic force nested inside the pedestrian spring-mass-damper SDOF. The 53 force represents a source of the body energy materialised through the contraction of the leg muscles, which pushes 54 the upper body against the supporting structure. The model never gained widespread popularity since calibration 55 of the force parameters and dynamic properties of the pedestrian SDOF still remains a challenge due to the lack of 56 experimental data. As an alternative, Caprani et al. [21] used an external harmonic force attached to the base of the 57 pedestrian SDOF and applied to the structure only. While the force approximates walking GRFs measured on a stiff 58 surface, the role of the human SDOF is to alter dynamic properties of the occupied structure. Dang and Zivanovic
59
[22] carried out a series of vibration simulations with single pedestrians and reported equally good performance of 60 both models to simulate HSI in the vertical direction. Therefore, as the GRFs have already been measured, analysed 
Modelling crowd dynamics (C)

109
The crowd dynamics on the bridge deck is described from the microscopic perspective. Walking trajectory and 
112
• each pedestrian enters the bridge at a preferred speed, so called free speed, and heads towards a target destination 113 (i.e. the opposite end of the bridge) at so called desired velocity. These would be unchanged if his/her walking 114 was undisturbed by the surrounding people and/or environment;
115
• while approaching the target, the desired velocity is modified on a step-by-step basis due to the interaction with 116 neighbouring pedestrians and environment. This interaction happens within the so called sensory region [39] , 117 a portion of the space surrounding each pedestrian that affects his/her decision about when and where to place 118 the next footfall. For the sake of simplicity but without a loss of generality, in this study the sensory region is 119 limited only to the visual field of a pedestrian;
120
• interaction between pedestrians are anisotropic in space. This means that pedestrians react differently to what 121 they perceive in front of them then beside and behind them. In this study, the interaction is restricted to a frontal 122 sensory region;
123
• pedestrian interaction can be both repulsive and attractive. People normally tend to avoid crowded regions and 124 collisions with other pedestrians, as well as to stay away from obstacles. They may also walk in smaller or 125 larger groups, e.g. couples, which are entities that behave in a manner similar to single pedestrians [40] . In case 126 of crowded situations, there is some evidence that pedestrians choose the fastest route to the bridge end rather 127 than the shortest one [40] , so having mainly the repulsive interaction with others that are on his/her way out
128
[32]. Bearing all this in mind and for the sake of simplicity, the modelling framework is demonstrated only on 129 cases of repulsive interaction in the present study.
130
A number of existing microscopic models based on the concept of "social force" [31, 41, 42] can account for the 131 principles listed above. However, these models are commonly characterised by a far too large number of parameters, 132 which calibration would have been be a challenge even if the adequate experimental data had been available. There-fore, a relatively simpler modelling concept originally proposed by Cristiani et al. [43] and applied to footbridges in
[44] is adopted in this study to simulate a simple repulsive interaction. It provides a good balance between a suffi-135 ciently detailed description of the pedestrian behaviour and the number of input parameters, which will be discussed 136 further in Section 3.1. While the general mathematical structure reported in [43] has been retained (see Eq.s (1) and
137
(2)), the expressions of the velocities in the subsequent Eq.s (4) and (5) are an original contribution.
138
Let us consider a footbridge deck of dimensions L x B, which lies in the horizontal plane x − z (Figure 2a ). For 
The concept of desired velocity accounts for no interaction between an individual and the crowd. It assumes that each 
The vector field of the free desired velocity depends on the geometry of the structure. In case of a narrow rectangular 146 walkway (L >> B) which is typical for a footbridge and unidirectional flow, it can be described as:
where v i is the free speed ( Figure 2a ).
148
Wall-repulsive velocity v parapets and obstacles along the deck. It is directed perpendicular to the walls and is expressed as:
where n w = {0, ±1} is the unit vector directed inwards the bridge longitudinal axis x, d w is the distance between the 151 pedestrian and the wall, d 0 is a half the lateral width of the human body, d w,0 is the maximum distance from the wall 152 at which the repulsion takes place, and α and β are the parameters that characterize the repulsion. Specifically, α is 153 a scaling factor that controls the intensity of the repulsion, while β is the power, making the repulsion stronger in 154 the proximity of the wall (Figure 2b ). Therefore, pedestrians are laterally bounded within an effective width of the
155
walkway B e f f = B − 2d 0 .
156
The social velocity takes into account the interaction of the pedestrian i with the pedestrians who are within his/her
In Equation (5), the positive scalar c controls the intensity of the repulsive interaction, while h function limits the 159 interaction to the sensory region. In this study, the sensory region is approximated as a circular sector area with radius
160
R and angle 2γ ∈ [0, π] as illustrated in Figure 3a . The interaction function h is expressed by the following equation:
Eq.s (4) and (5) can generate unnaturally high values of the velocity when a pedestrian is very close to the wall ( Figure   162 2b) or to another pedestrian (Figure 3b ). On the other hand, the average upper value of walking velocity reported in 163 the relevant literature is around 2.5 ms −1 (e.g., [45, 46] ). Therefore, velocities generated through the crowd model are 164 limited to 2.5 ms 
166
The PSI is described by a dynamic system that couples a SDOF representing a structural vibration mode of interest 167 (S) and N SDOFs (P) with adjoining vertical walking GRFs (F) representing N individual pedestrians (Figure 4 ). In the modal domain, the dynamics of the coupled system can be written in matrix form as:
where the mass, damping and stiffness matrices are:
and the displacement and force vectors are: Φ is the unity-normalised mode shape of the structure.
177
Values of m p,i , c p,i and k p,i are randomly assigned to different individuals using the statistics reported in Table 1 .
178
Pedestrian masses are generated using a Normal distribution as suggested in the literature (e.g., reported ζ p = 25% for bouncing people. Since damping for walking is expected to be lower than for bouncing [22] ,
185
400 Nsm −1 (corresponding to ζ p = 25% and the mean pedestrian mass and stiffness considered in the present study) 186 was taken as the upper limit of the c p,i range (Table 1) . Table 1 also reports ranges of the natural frequency and 187 damping ratio corresponding to the adopted values of the pedestrian dynamic properties (calculated using mass mean ± 188 mass std ). The adopted values are in line with the most recent study by Toso et al.
[50]. measured forces outside the range is only in the pacing rate [1] , artificial forces at even lower or higher rates can be 199 generated using the modelling parameters selected from the corresponding boundary clusters, i.e. around 1 Hz and 200 around 3 Hz.
201
The key input parameters of the model relevant to this study are mean footfall rate f p,mean during footbridge Step 1:
Step j:
The only missing data that cannot be directly derived from the crowd simulations is the value of the step frequency in
217
Step another pedestrian arrives from the opposite end, so the number of occupants is kept constant;
237
• lateral z coordinates of the arriving pedestrians across the bridge width are randomly assigned according to a The parameters of the wall-repulsive velocity (Eq. 4) were studied first. A crowd of N = 300 pedestrians was shows the relative error of both statistics between successive simulations n − 1 and n. When n > 10 the error is below 270 0.3% for the mean density and below 2% for the std, which could be considered sufficiently low for the purpose of 271 this study. PDFs are normalised to the maximum amplitude P max in each set. Figure 8 shows the results. The values that yield 275 the most uniform spread of the pedestrians across B were selected for the further analysis presented in Section 3.2.
276
Broadly speaking, the results suggest:
277
• a general tendency of the pedestrians to walk at a distance d w,0 from the bridge walls. This effect is due to the 
The model can simulate the decreasing trend in the speed-density relationship that is commonly reported in the lit- 
317
Three different traffic scenarios were studied on each virtual footbridge: N=30 pedestrians, corresponding to 318 crowd density ρ=0.1 ped m −2 , N=150 pedestrians, corresponding to ρ=0.5 ped m −2 , and N=300 pedestrians, corre-
319
sponding to ρ=1 ped m −2 . Since the described pedestrian-structure system has a higher degree of randomness than the 320 crowd dynamics alone, a higher number of simulations than in Section 3.1 is expected to enable statistical reliability.
321
Therefore, for each virtual bridge and each crowd scenario vibration response was simulated 50 times, as it was done 322 in similar studies elsewhere [47] .
323
To evaluate the influence of different sub-models of the framework on the structural response, for each combination 324 of footbridge properties and crowd conditions the structural response was evaluated for following three cases:
325 PFS: pedestrian-structure interaction is taken into account, but the crowd dynamics is not considered. For the given 326 crowd density ρ, the pedestrians enter the footbridge walking along straight lines and equally spaced at L/N. 
335
CPFS: all sub-models of the framework are included in their original form.
336
Computational simulations were carried out by adopting the same time step dt=0.02 s for both crowd and structure 337 systems, in order to avoid resampling of the crowd results.
338
An example of a simulated acceleration time history and its Fourier amplitude spectrum for the three cases cor-339 responding to 150 pedestrians (so ρ=0.5 ped m −2 ) and m b =50 tons are shown in Figure 12 . In the PFS case ( Figure   340 12a-b), the vibration response shows a clear peak that corresponds to the constant pedestrian pace rate 1.9 Hz. In having different dynamic properties (Table 1) .
350
A large difference between the vibration responses corresponding to cases PFS and CFS clearly illustrates the case occasional synchronization of pace rate with the footbridge natural frequency may occur. Note that this result is 370 dependent on the parameters chosen for the case study: a r > 1 could be expected depending on the ratio f p / f b .
371
The significance of including PSI in the simulations of the vibration response is illustrated in Figure 15 . It plots 372 a r ratio relevant to CFS and CPFS cases against m r , where: The results show that the effect of PSI increases as the mass ratio approaches zero, e.g. when a very dense crowd 375 crosses an extremely light footbridge. In such situations, the response relevant to CFS case is around 30 times higher 376 than the corresponding CPFS case. This effect is due to the damping added by the pedestrian SDOFs and is in line 377 with findings previously reported by others [17, 18] .
378
The effect of pedestrian bodies on the coupled pedestrian-structure system can also be observed through a statisti-379 cal analysis of the CFS and CPFS results. Here, such analysis is demonstrated for the virtual footbridge with the mass 380 50 tons. In all other cases, the analysis would follow the same steps.
381 Table 4 reports some statistics of the absolute peak response through 50 simulations for each crowd scenario.
382
The selected statistics feature in the contemporary vibration serviceability guidelines of footbridges (e.g. [62, 64] ).
383
Moreover, the last column reports the maximum acceleration of the bridge calculated according to the most recent N eq = 1.85
The values of N eq were determined from simulations of the acceleration response of a bridge to increasing numbers 
where F v = 280 N and Ψ v = 1 for 1.7 < f b < 2.1 Hz. In the present study, the sparse crowd model features N=30
396
and N=150 pedestrians, while the actual size of the dense crowd model is N=300 pedestrians. The peak acceleration,
397
which represents the 95%ile of the peak response due to random pedestrians, is then calculated as:
The results summarised in Table 4 • when PSI is considered (CPFS), the 95%ile peak response is up to 6 times lower than SG for sparse crowd and The added damping due to pedestrian bodies can be better understood by studying time changes of the effective 410 damping ratio of the coupled system ζ in the CPFS case:
Here, c 1,1 is the first diagonal term of the damping matrix C. The peak value of the effective damping ζ peak was found for each simulated vibration response, then the mean peak the Weibull distribution also provides the best fit to the empirical PDF in the present study. This is more evident by 436 looking at the CDF of the peak per cycle response (Figure 19a ) and the corresponding probability plot (Figure 19b ).
437
The latter shows that the curve relative to Weibull distribution almost match the diagonal line. The fitted Weibull distribution can be used to estimate the likelihood of exceeding any given acceleration limit. In 439 the same way Caroll et al. [36] processed the results from the study of the lateral bridge vibrations, but their lateral 440 acceleration data clearly followed the Rayleigh distribution. The most likely peak acceleration value (extreme peak)
441
A E,peak occurring during the return period T r can be estimated through the following equation:
where λ and κ are respectively the scale and shape parameters of the Weibull distribution, n = T r · f m is the number of 443 peaks in the return period and f m is the maximum frequency of oscillation. Moreover, the peak with a 5% probability 444 of exceedance A E,95 in the return period can be calculated as: Figure 20 shows A E,peak and A E,95 as a function of T r and assuming f m =2 Hz. For instance, if a return period of 2
446
hours is considered as representative of peak morning/evening usage periods, from the limited data in this study the 447 most likely peak acceleration is 0.67 ms −2 and the peak acceleration with 5% probability of exceedance is 0.82 ms −2 .
448 Both values seem realistic and possible considering the crowd size and properties of the selected virtual bridge.
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The simulated acceleration data were further studied following a statistical approach suggested by Zivanovic possible to determine the probability of exceeding any given acceleration value. Considering the inherent randomness 478 in crowd dynamics, human bodies and the loading, such an approach is better suited for vibration serviceability 479 assessment of pedestrian structures than a single acceleration value featuring in the relevant design guideline, such as 480 Setra. Moreover, the statistical treatment is perfectly suited for performance-based vibration serviceability assessment,
481
which still needs to be codified.
482
The proposed modelling framework provides a solid foundation for its more refined versions in the future. Each
483
of its sub-models in the current version is adapted or derived from the most reliable models and data known to the 
